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In this paper, we present a strict bounded real lemma for linear time-varying
systems in the infinite-horizon case. Using some operator methods, we show that
the strict bounded realness for the related IrO operators is equivalent to the
solvability of a semidefinite or definite Riccati equation. We also apply this result
to the problem of disturbance attenuation and H -optimization. All our results‘
include current ones in the literature for linear time-invariant systems. Q 2000
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1. INTRODUCTION
As it is well known, the bounded real lemma is a classical result in linear
w xsystem theory; see 3 . More recently, it has been included in the famous
H control theory and has been featured as a powerful tool in the problem‘
of disturbance attenuation and H‘-optimization. For linear time-invariant
w xsystems, its infinite dimensional version has been obtained by Curtain 3
for systems generated by C -semigroups, and its finite dimensional version0
w x w xwas obtained by Doyle et al. 4 and Khargonekar et al. 7 . For linear
1This work is supported by the National Natural Science Foundation of China.
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w xtime-varying systems, Tadmor 11 utilized the classical maximum principle
and gave a characterization in terms of solvability of an indefinite Riccati
equation. Our purpose in this paper is to generalize these results for finite
dimensional linear time-varying systems for the infinite-horizon case. By
some operator techniques, we present more necessary and sufficient Ric-
cati equation type conditions. From this, we also obtain a result for
disturbance attenuation in the sense of H norms.‘
In this paper, we will study linear time-varying systems in the form
¡x t s A t x t q B t w t q E t u tŽ . Ž . Ž . Ž . Ž . Ž . Ž .˙~z t s C t x t q D t w t q F t u tŽ . Ž . Ž . Ž . Ž . Ž . Ž .S s0 ¢x 0 s 0, t G 0,Ž .
Ž . n Ž . m Ž . q Ž . pwhere x t g R , u t g R , w t g R , and z t g R are, respectively,
Ž .the state, the control input, the disturbance input or the exogenous input ,
q w . Ž . n=nŽ q. Ž .and the controlled output. Let R s 0, q‘ , A ? g L R , B ? g‘
n=qŽ q. Ž . p=nŽ q. Ž . p=qŽ q. Ž . n=mŽ q.L R , C ? g L R , D ? g L R , E ? g L R , and‘ ‘ ‘ ‘
Ž . p=mŽ q. 5 5F ? g L R . Throughout the paper, ? will represent the Euclidean‘
Ž .norm for vectors and the induced norm for matrices. Setting u t ’ 0, we
obtain the unforced form of S0
¡x t s A t x t q B t w tŽ . Ž . Ž . Ž . Ž .˙~z t s C t x t q D t w tŽ . Ž . Ž . Ž . Ž .S s1 ¢x 0 s 0.Ž .
w x Ž .From Ravi et al. 9 , we know that when the homogeneous system x t s˙
Ž . Ž . Ž .A t x t is exponentially stable; in brief, A ? is stable. Then S generates1
qŽ q. pŽ q.a bounded input]output operator T : L R “ L R ,z w 2 2
t
T w ? t s C t F t , s B s w s ds q D t w t ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Hz w
0
Ž . qŽ q. Ž .where w ? g L R , and F t, s is the state transition matrix of the2
homogeneous system
x t s A t x t .Ž . Ž . Ž .˙
One of our purposes in this paper is to give some characterizations for the
estimation of the norm of T .z w
In S , if all the states are available for feedback, we can design either0
static or dynamic state feedback controllers. First, we consider the case of
static state feedback
u t s K t x t , 1.1Ž . Ž . Ž . Ž .
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Ž . m= n Kwhere K ? g L . Let T denote the input]output operator for the‘ z w
Ž .closed-loop system of S with 1.1 , and define0
5 K 5 m= n qg s inf T : K ? g L R , A ? q E ? K ? is stable . 1.2Ž . Ž . Ž . Ž . Ž . Ž . 4s z w ‘
Alternatively, for the dynamic state feedback
¤ t s G t ¤ t q H t x tŽ . Ž . Ž . Ž . Ž .˙
S sd ½ u t s L t ¤ t q M t x t ,Ž . Ž . Ž . Ž . Ž .
Ž . r=rŽ q. Ž . r=nŽ q. Ž . m= rŽ q. Ž .where G ? g L R , H ? g L R , L ? g L R , and M ? g‘ ‘ ‘
m= nŽ q.L R . The closed-loop system of S with S is in the form‘ 0 d
¡ A t q E t M t E t L tŽ . Ž . Ž . Ž . Ž . B tŽ .X˙ t s X t q w tŽ . Ž . Ž .
H t G tŽ . Ž . 0~S s2
z t s C t q F t M t F t L t X t q D t w t ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .¢ X 0 s 0.Ž .
w xSimilar to Khargonekar et al. 8 , we define
D s G, H , L, M g Lr=r Rq = Lr=n Rq = Lm= r RqŽ . Ž . Ž . Ž .‘ ‘ ‘½
=Lm= n Rq :Ž .‘
A ? q E ? M ? E ? L ?Ž . Ž . Ž . Ž . Ž .
is stable 5H ? G ?Ž . Ž .
and let T d be the IrO operator of S . Moreover, we definez w 2
5 d 5g s inf T : G, H , L, M g D 1.3Ž . Ž . 4d z w
It is easy to see that for any natural number r,
5 d 5 m= n q 4  4  4g s inf T : G, H , L, M g D l 0 = 0 = 0 = L RŽ . Ž . 4s z w ‘
G gd
We will show that g s g , which generalizes the result of Khargonekar ets d
al. to the linear time-varying case.
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2. MAIN RESULTS
Ž .THEOREM 2.1 The Strict Bounded Real Lemma . For system S , if1
Ž .D t ’ 0, then the following conditions are mutually equi¤alent:
Ž . Ž . Ž . Ž .1 The homogeneous system x t s A t x t is exponentially stable˙
5 5and T - 1.z w
Ž . Ž . q n=n2 There exists a bounded and continuous function Q ? : R “ R
Ž . qsuch that Q ? G 0, ; t g R , and following the Riccati equation
Q˙ t q Q t A t q A9 t Q t q Q t B t B9 t Q t q C9 t C tŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .
s 0
q Ž . wholds for almost all t g R . Moreo¤er, the homogeneous system x t s A q˙
xŽ . Ž .BB9Q t x t is exponentially stable.
Ž . Ž . q n=n3 There exist a Lyapuno¤ matrix function P ? : R “ R and a
positi¤e constant a such that the following Riccati inequality holds:0
P˙ t q P t A t q A9 t P t q P t B t B9 t P tŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .
q C9 t C t F ya I , a.e., t g Rq.Ž . Ž . 0 n
Here the Lyapuno¤ matrix function refers to bounded uniformly positi¤e-
q Ž w x.definite function on R see Rotea and Khargonekar 10 , and I denotes then
n = n identity.
Ž . Ž . Ž . 5 5LEMMA 2.2. In S , if x t s A t x t is exponentially stable and T -˙1 z w
5 Ž .51, then D ? - 1.‘
Ž .LEMMA 2.3. In S , A ? is stable, and the induced IrO operator has1
5 5norm T - 1 if and only if the following conditions are true:z w
Ž . 5 Ž .5 Ž .1 D ? - 1, and A ? is stable.‘ 1
Ž .2 The induced IrO operator by the system S is strictly contracti¤er
x t s A t x t q B t w tŽ . Ž . Ž . Ž . Ž .˙ 1 1
S sr ½ z t s C t w t , x 0 s 0;Ž . Ž . Ž . Ž .1
here
y1
A t s A q B I y D9D C tŽ . Ž .Ž .1 q
1y 2B t s B I y D9D tŽ . Ž .Ž .1 q
1
2C t s I y DD9 C t .Ž . Ž .Ž .1 p
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From this lemma, we obtain the following result which gives a character-
ization for the IrO operator of S and has potential usage in disturbance1
attenuation and H‘-optimization.
THEOREM 2.4. For system S , the following conditions are mutually1
equi¤alent:
Ž . Ž . Ž . Ž .1 The homogeneous system x t s A t x t is exponentially stable˙
5 5and T - 1.z w
Ž . 5 Ž .5 Ž .2 D ? - 1. There exists a bounded and continuous function Q ? :‘
q n=n Ž . qR “ R such that Q t G 0, ; t g R , and the Riccati equation
Q˙ t q C9 t C t q Q t A t q A9 t Q tŽ . Ž . Ž . Ž . Ž . Ž . Ž .
y1q QB q C9D t I y D9D t B9Q q D9C t s 0Ž . Ž . Ž . Ž . Ž .Ž .q
q w Ž .y1Žholds for almost all t g R . Moreo¤er, A q B I y D9D B9Q qq
.xŽ .D9C ? is stable.
Ž . 5 Ž .5 Ž . q3 D ? - 1. There exist a Lyapuno¤ matrix function P ? : R “‘
Rn=n and a positi¤e constant a such that following Riccati inequality holds1
for almost all t g Rq:
P˙ t q C9 t C t q P t A t q A9 t P tŽ . Ž . Ž . Ž . Ž . Ž . Ž .
y1q P t B t q C9 t D t I y D9 t D tŽ . Ž . Ž . Ž . Ž . Ž .q
= B9 t P t q D9 t C t F ya I .Ž . Ž . Ž . Ž . 1 n
From this theorem, we can obtain the following result on disturbance
attenuation, which shows that dynamic state feedback offers no advantage
over static state feedback in the minimization of the H norm of the IrO‘
operator of the closed-loop system. Also, this result is a natural generaliza-
w xtion of Khargonekar et al. 8 to the time-varying case.
THEOREM 2.5. Consider the dynamical system S and the state feedback0
Ž . Ž . Ž .controllers 1.1 and S . Define g and g as in 1.2 and 1.3 , respecti¤ely;d s d
then g s g .s d
3. PROOFS
Ž . Ž .Proof of Theorem 2.1. 1 « 2 This can be finished by a similar
w xmethod used in the proof of 9, Theorem 3.1 . Thus, we omit it.
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Ž . Ž . Ž . Ž . Ž .2 « 1 First, we show that x t s A t x t is exponentially stable.˙
Ž .Let F t, s denote its state transition matrix, 0 F s F t - q‘, and let
Ž . Ž .Ž .C t, s denote the state transition matrix generated by A q BB9Q ? ;
then
t
F t , s s C t , s y C t , t B t B9 t Q t F t , s dt .Ž . Ž . Ž . Ž . Ž . Ž . Ž .H
s
Thus for any x g Rn,
² :d F t , s x , Q t F t , s xŽ . Ž . Ž .
dt
² : ² :s A t F t , s x , Q t F t , s x q F t , s x , Q t A t F t , s xŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .
˙² :q F t , s x , Q t F t , s xŽ . Ž . Ž .
5 5 2 5 5 2s y B9 t Q t F t , s x y C t F t , s x .Ž . Ž . Ž . Ž . Ž .
Ž .For any t ) s G 0, integrating from s to t and noting that F s, s s I ,1 1 n
we obtain
t1 2 25 5 ² 5 5B9 t Q t F t , s x dt F Q s x , x F b x .Ž . Ž . Ž . Ž .Ž .H
s
Ž . qHere b is chosen by the assumption that Q ? is bounded on R ; hence,
Ž . qthere exists a b ) 0 such that Q s F bI , for all s g R . However, then
Ž . Ž .Ž . Ž .system x t s A q BB9Q t x t is exponentially stable, so by Brocket˙
w x1 , there exist positive constants m , m , and m such that0 1 2
q‘
25 5C t , s dt F m , ;s G 0,Ž .H 0
s
q‘
5 5C t , s dt F m , ;s G 0,Ž .H 1
s
t
5 5C t , t dt F m , ; t G 0.Ž .H 2
0
Hence,
1
2q‘
25 5F t , s x dtŽ .Hž /s
1
2q‘
25 5F C t , s x dtŽ .Hž /s
1
2q‘1 1 2
2 2 5 5 5 5q m m ? B ? B9 t Q t F t , s x dtŽ . Ž . Ž . Ž .‘ H1 2 ž /s
1 1 1
2 2 25 5 5 5F m q m m B ? b x .Ž .Ž .‘0 1 2
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w x Ž .Therefore from Gurov and Tadmor 5 , the homogeneous system x t s˙
Ž . Ž .A t x t is exponentially stable.
5 5Second, we will show that T - 1. For any T ) 0, consider thez w
w xrelated system in 0, T ,
T
z9z y w9w dtŽ .H
0
d x9QxŽ .T
s z9z y w9w q dt y x9 T Q T x TŽ . Ž . Ž .H ½ 5dt0
T ˙s x9 Q q QA q A9Q q QBB9Q q C9C x dtH
0 3.1Ž .
Tw x w xy w y B9Qx 9 w y B9Qx dt y x9 T Q T x TŽ . Ž . Ž .H
0
Tw x w xs y w y B9Qx 9 w y B9Qx dt y x9 T Q T x TŽ . Ž . Ž .H
0
T 25 5F y w y w* dt ,H
0
Ž . Ž . Ž . Ž . qwhere w* t s yB9 t Q t x t , t g R . Letting T “ q‘ in the previous
inequality, we have
q‘ q‘
z9z y w9w dt F y w y w* 9 w y w* dt.Ž . Ž . Ž .H H
0 0
Suppose L is the IrO operator of the system
x t s A t x t q B t w tŽ . Ž . Ž . Ž . Ž .˙
w y w* t s y B9Q t x t q w t , x 0 s 0Ž . Ž . Ž . Ž . Ž . Ž . Ž .
which maps w to w y w*. Since Ly1 exists as
x t s A q BB9Q t x t q B t w y w* tŽ . Ž . Ž . Ž . Ž . Ž . Ž .˙y1L s ½ w t s B9Q t x t q w y w* t , x 0 s 0Ž . Ž . Ž . Ž . Ž . Ž . Ž .
Ž .Ž . y1 qŽ q.and A q BB9Q ? is stable, L is also a bounded operator on L R .2
y1Ž .Also, w s L w y w* ,
1 1
2 2q‘ q‘
y15 5w9w dt F L w y w* 9 w y w* dt .Ž . Ž .H Hž / ž /0 0
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Ž .Combining this with 3.1 , we have
q‘ q‘
z9z y w9w dt F y w y w* 9 w y w* dtŽ . Ž . Ž .H H
0 0
q‘1
F y w9w dt.H2y15 5L 0
Hence
q‘ q‘1
z9z dt F 1 y w9w dtH H2ž /5 5L0 0
1
21
5 5T F 1 y - 1.z w 2y1ž /5 5L
Ž . Ž . Ž . Ž . Ž . Ž .3 « 1 Note that z t s C t x t and C ? is essentially bounded
on Rq; therefore, there exists a positive constant m, such that C9C F mI .n
Thus for any T ) 0,
T T T
z9z dt s x9C9Cx dt F m x9x dt. 3.2Ž .H H H
0 0 0
Ž . q n=nAlso under the given assumption, P ? : R “ R is a Lyapunov matrix
Ž . Ž . Ž .function for x t s A t x t ; hence, it is exponentially stable. For T ) 0,˙
Ž .by the given Riccati equation and 3.2 used, we have
T
z9z y w9w dt s yx9 T P T x TŽ . Ž . Ž . Ž .H
0
d x9PxŽ .T
q z9z y w9w q dtH ž /dt0
T ˙ 4s x9 P q A9P q PA q PBB9P q C9C x dtH
0
Tw x w xy x9 T P T x T y w y B9Px 9 w y B9Px dtŽ . Ž . Ž . H
0
aT T0F ya x9x dt F y z9z dt.H H0 m0 0
Let T “ q‘, we obtain
q‘ m T
z9z dt F w9w dt .H H
a q m0 00
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Therefore,
m
5 5T F - 1.z w (a q m0
Ž . Ž .1 « 3 First, we show that there exists a « ) 0 such that the0
reduced IrO operator T by the systemz w1
¡x t s A t x t q B t w tŽ . Ž . Ž . Ž . Ž .˙
~ C t x tŽ . Ž .S s« 0 z t s , x 0 s 0Ž . Ž .1¢ « x tŽ .0
5 5 5 5 Ž .has the norm T - 1. In fact, since T - 1, there exists a v g 0, 1z w z w1
5 5 Ž .such that T - v - 1. Since A ? is stable, the IrO operator of thez w
system
x t s A t x t q B t w tŽ . Ž . Ž . Ž . Ž .˙
H sy w ½ y t s x t , x 0 s 0Ž . Ž . Ž .
is also bounded.
q‘
2 2X 25 5 5 5z z dt s T w q « H wH 1 1 z w 0 y w
0
2 5 5 2 2 5 5 2 5 5 2F v w q « H w0 y w
2 2 5 5 2 5 5 2s v q « H w .ž /0 y w
Choose
2'1 y v
0 - « - ;0 5 5H q 1y w
then
2 2 5 5 2v q « H - 10 y w
and
22 25 5 5 5T F v q « H .'z w 0 y w1
Ž . Ž .For S , by 2 , there exists a bounded and continuous function Q ? :« 0q n=n Ž . qR “ R such that Q ? G 0, ; t g R , and the Riccati equation
Q˙ t q Q t A t q A9 t Q t q Q t B t B9 t Q tŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .
q C9 t C t q « 2 I s 0 3.3Ž . Ž . Ž .0 n
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q  q Ž .holds for almost all t g R . For i s 1, 2, . . . , let D s t g R : Q ti
1 4 Ž . ŽF I . We will show that there exists an i such that M D s 0 here then ii
.measure is the usual Lebesgue measure on real line . Otherwise, choose a
natural number i sufficiently large, such that
5 5 5 5 2 22 A ? B ? «Ž . Ž .‘ ‘ 0q - ;2i 2i
then ; x g Rn, t g D , x / 0,i
<² : ² :Q t x , A t x q A t x , Q t xŽ . Ž . Ž . Ž .
² : <q Q t B t B9 t Q t x , xŽ . Ž . Ž . Ž .
5 5 5 5 2 22 A ? B ? «Ž . Ž .‘ ‘ 02 25 5 5 5F q x - x .2ž /i 2i
q ˙ qŽ . Ž . Ž . Ž .But Q t G 0, ; t g R ; hence Q t G 0, a.e. t g R . Also, C9 t C t G 0,
q Ž .for all t g R . From 3.3 ,
« 20 2 225 5 5 5y x F y« x ,02
that is, an obvious contradiction. Therefore, there exists a natural number
Ž . Ž . Ž . q Ž . qi , such that m D s 0. So, Q t G 1ri I , a.e. t g R , and Q ? : R “0 i 0 n0
Rn=n is a Lyapunov matrix function.
5 5Proof of Lemma 2.2. As T - 1, there exist b , b ) 0, such thatz w 1 2
5 5 qT - b - b - 1. For any fixed t g R , by the selection theoremz w 1 2 0
Ž w x. U Ž . w x qused see 6 , there exists a measurable function w ? : t , t q 1 “ R ,t 0 00
5 U Ž .5 5 Ž . U Ž .5 5 Ž .5 w xsuch that w t s 1, and D t w t s D t , a.e. t g t , t q 1 . Fort t 0 00 0
i s 1, 2, . . . , set the L2 integrable function on Rq,
1¡ U'i w t t F t F t qŽ .t ~ t 0 00 0w t sŽ . ii ¢
0 otherwise.
Then
‘
2t05 5w dt s 1, i s 1, 2, . . . ,H i
0
and when t ) t ,0
tt t0 0x t s F t , s B s w s dsŽ . Ž . Ž . Ž .Hi i
0
1t q0 i U's F t , s B s i w s ds.Ž . Ž . Ž .H t0
t0
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t0Ž . Ž .When t F t , x t s 0. Since A ? is stable, there are two constants0 i
5 Ž .5 yv 1Ž tys.M , v ) 0, such that F t, s F M e , for all 0 F s F t - q‘.1 1 1
Thus when t ) t ,0
1t q0 it yv Ž tys.0 1 '5 5 5 5x t F M e i B ? dsŽ . Ž .H ‘i 1
t0
M v1 1v t yv t0 1i'5 5F B ? i e e y 1 e .Ž . Ž .‘
v1
Then
v 2122 i5 5q‘ M B ? 1 e y 1Ž . ‘12t05 5x t dt F .Ž .H i v1ž /2v i0 1 i
Note that
v 21
i1 e y 1
“ 0 i “ q‘ ;Ž .v1ž /i i
 t04 2 Žx converges to zero uniformly in the L norm independent of thei
q. t0Ž . Ž . t0Ž . Ž . t0Ž .choice of t g R . However, z t s C t x t q D t w t and also0 i i i
Ž . Ž . qboth C ? and D ? are essentially bounded for R ;
5 t0 t0 5 5 t0 5lim z ? y D ? w s lim C ? x s 0Ž . Ž . Ž .2 2i i i
i“‘ i“‘
uniformly for t g Rq. Thus0
q‘
t t t t0 0 0 0² : ² :lim z , z y Dw , Dw dt s 0 4H i i i i
i“‘ 0
q 5 5uniformly for all t g R . As T - b - b - 1,z w 1 2
q‘ q‘
t t t t0 0 0 0² : ² :z , z F b w , w dt s b .H Hi i 1 i i 1
0 0
Ž q.Hence there exists a natural number i independent of t g R such1 0
that when i G i ,1
q‘
t t0 0² :Dw , Dw dt F b .H i i 2
0
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So for any t g Rq,0
t q1ri0 22' 5 5i D t dt F b ;Ž .H 2
t0
i.e.,
t q1ri0 25 5i D t dt F b , ; t G 0, i G i . 3.4Ž . Ž .H 2 0 0
t0
Set
t 25 5f t s D s ds;Ž . Ž .H
0
Ž . q Ž . 5 Ž .5 2then f t is differentiable for almost all t g R , and f 9 t s D t , a.e.
q Ž . Ž . 5 Ž .5 2 qt g R . But from 3.4 , f 9 t F b ; hence D t F b , a.e. t g R .2 2
5 Ž .5Therefore, D ? F b - 1.'‘ 2
Lemma 2.3 and Theorems 2.4 and 2.5 can be proved by arguments
similar to those used for the time-invariant systems, and the operator
w xtechniques applied behind are almost the same; see Chen and Tu 2 .
4. CONCLUSIONS
This paper investigates the strict bounded real lemma for linear time-
varying systems, which presents some characterizations based on Riccati
equations. We also study its potential usage in disturbance attenuation and
H‘-optimization. Our results are natural continuations to the current
results for linear time-invariant systems.
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